
Liang General Relativity

Symbols

FM , F : The set of all C∞ scalar fields on M . FR3 : The set of all C∞ functions on R3. Vp : The set of all vector at p ∈ M .
TV (k, l ): The set of all tensors of type (k, l ) on V . TVp (k, l ): The set of all tensors of type (k, l ) on Vp , p ∈ M .
FM (k, l ): The set of all C∞ tensor fields of type (k, l )on M .
Λp (l ): The set all all l-form at p ∈ M . ΛM (l ): The set of all l-form field on M .

Manifolds and Vector fields

1. v : FM →R is a vector at p ∈ M , if ∀ f , g ∈FM , α,β ∈R, (a) v(α f +βg ) =αv( f )+βv(g ), (b) v( f g ) = f
!!

p v(g )+ g
!!

p v( f ).

2. With (O,ψ) and f ∈FM , we have F (x1, · · · , xn). For p ∈O, we can define n vectors Xµ( f ) = ∂F (x1, · · · , xn)

∂xµ

!!!!
p

, ∀ f ∈FM .

• dimVp = dim M = n. ∀v ∈Vp , v = vµXµ, where vµ = v(xµ).

3. For p ∈O, {X1, · · · , Xn} is called a coordinate basis of Vp . Suppose p ∈O ∩O′, v ∈Vp , then v ′ν = ∂x ′ν

∂xµ

!!!!
p

vµ.

4. Suppose C (t ) is a C1 curve on M , then the tangent vector of C (t ) at C (t0) is defined as T ( f ) = d f (C (t ))

dt

!!!!
t0

, ∀ f ∈FM . T ≡ ∂

∂t

!!!!
t0

.

• Tangent vector to the xµ coordinate line Xµ( f ) = ∂

∂xµ

!!!!
p

( f ) = ∂ f

∂xµ

!!!!
p

. Xµ ≡
∂

∂xµ
. For C (t ),

∂

∂t
= dxµ(t )

dt

∂

∂xµ
.

5.

"
Xµ ≡

∂

∂xµ

#
constitutes n smooth vector fields, called coordinate basis vector fields.

6.
$
eµ

%
is a set of basis vectors of V =⇒ basis vectors of V ∗ as eµ∗(eν) = δ

µ
µν. ∀ω ∈V ∗, ω=ωµeµ∗, ωµ ≡ω(eµ). v = eµ∗(v)eµ.

7. The map V →V ∗∗, v '→ v∗∗ is defined as v∗∗(ω) =ω(v), ∀ω ∈V ∗ and is an isomorphism.
8. e ′µ = Aν

µµeν, e ′µ∗ =
& 'A−1(µµ

ν eν∗.

9. d f

!!!!
p

(v) = v( f ),∀v ∈Vp . dxµ
)
∂

∂xν

*
= ∂

∂xν
&
xµ

(
= δ

µ
µν⇒

$
dxµ

%
are dual coordinate basis vectors. ω=ωµdxµ, ωµ =ω

)
∂

∂xµ

*
.

• d f = ∂ f

∂xµ
dxµ. ω′

ν =
∂xµ

∂x ′ν

!!!!
p
ωµ.

10. dimTV (k, l ) = nk+l . Example. n = 2,k = 2, l = 1. A basis of TV (2,1): e1 ⊗e1 ⊗e1∗, e1 ⊗e1 ⊗e2∗, e1 ⊗e2 ⊗e1∗, e1 ⊗e2 ⊗e2∗, · · · .
• For T ∈TV (2,1), T = T µν

µµσeµ⊗eν⊗eσ∗, T µν
µµσ = T (eµ∗,eν∗;eσ).

• T ∈TV (1,1), T : V ∗×V →R or T : V →V or T : V ∗ →V ∗. T = T µ
µνeµ⊗eν∗, T µ

µν ≡ T (eµ∗;eν).

11. T ′µ
µµν = (A−1T A)µµν.

Proof. T ′µ
µµν = T (e ′µ∗;e ′ν) = T (( 'A−1)µµρ eρ∗; Aσ

µνeσ) = ( 'A−1)µµρ Aσ
µνT (eρ∗;eσ) = ( 'A−1)µµρ Aσ

µνT ρ
µσ = (A−1)

µ
µρT ρ

µσAσ
µν = (A−1T A)

µ
µν.

12. T ∈TV (1,1). CT := T µ
µµ. T ∈TV (2,1). C1

1T = T (eµ∗,•;eµ) ∈V , C1
1T = T (eµ∗,eν∗;eµ) = T µν

µµµ. (C1
1T )ν = T (eµ∗,eν∗;eµ) = T µν

µµµ.

13. C(v ⊗ω) = v(ω). C(v ⊗ω) = v ⊗ω(eµ∗;eµ) = v(eµ∗)ω(eµ) = eµ∗(vνeν)ω(eµ) = vνδµµνω(eµ) =ω(v) = v(ω).

14. C1
2(T ⊗ v) = T (•, v), T ∈TV (0,2). C2

2(T ⊗ω) = T (•,ω;•), T ∈TV (2,1).
Proof. C1

2(T ⊗ v) = T ⊗ v(eµ∗;•,eµ) = v(eµ∗)T (•,eµ) = vµT (•,eµ) = T (•, vµeµ) = T (•, v).

15. T = T µν
µµσeµ⊗eν⊗eσ∗ = T µν

µµσ

∂

∂xµ
⊗ ∂

∂xν
⊗dxσ, T µν

µµσ = T

)
dxµ,dxν;

∂

∂xσ

*
. T ′µν

µµσ = ∂x ′µ

∂xα
∂x ′ν

∂xβ
∂xγ

∂x ′σ

!!!!
p

Tαβ
µµγ.

16. On R2. dl 2 = dx2 +dy2 =
+)

dx

dt

*2

+
)

dy

dt

*2,
dt 2 =

-
(T 1)2 + (T 2)2.dt 2 = |T |2dt 2 ⇒ dl = |T |dt , l =

/
|T |dt .

17. On (M , g ). g (T,T ) = g

)
T µ ∂

∂xµ
,T ν ∂

∂xν

*
= T µT νgµν = gµν

dxµ

dt

dxν

dt
. l =

/0!!g (T,T )
!!dt =

/0
gµνdxµdxν =

/0!!ds2
!!.

• (Rn ,δ). δ= δµνdxµ⊗dxν, ds2 ≡ δµνdxµdxν =
&
dx1(2 +

&
dx2(2 +·· · .

• (Rn ,η). η= ηµνdxµ⊗dxν, ds2 ≡ ηµνdxµ⊗dxν =−
&
dx0(2 +

&
dx1(2 +·· · .

18. T = T µν
µµσeµ⊗eν⊗eσ∗ =⇒ T ab

µµc = T µν
µµσ(eµ)a(eν)b(eσ)c . T µν

µµσ ≡ T (eµ∗,eν∗;eσ) =⇒ T µν
µµσ ≡ T ab

µµc (eµ)a(eν)b(eσ)c .

• Tab ∈TV (0,2). T (•,µ) = C1
2(T ⊗eµ) ≡ Tab(eµ)b ≡ Taµ. Taµ can be considered as the µ-th dual vector in the list Ta1, · · · ,Tan .

19. δa
µb : V →V . δa

µb vb = v a , δa
µbωa =ωb . δ

µ
µν ≡ δa

µb(eµ)a(eν)b =⇒ δa
µb ≡ δ

µ
µν(eµ)a(eν)b = (eµ)a(eµ)b .

20. Let v ∈V , g (•, v) ∈V ∗. g (•, v) = C1
2(g ⊗ v) = C1

2(gab vc ) = gab vb =⇒ va := gab vb , ωa := g abωb .
• gac T c

µb = g (•,eµ)⊗T (eµ∗;•) =⇒ Tab := gac T c
µb .

• gµνvν = gab(eµ)a(eν)b vc (eν)c = gab vc (eµ)a(eν)b(eν)c = gab vc (eµ)aδb
µc = gab vb(eµ)a = va(eµ)a = vµ.

• ωa = g abωb = g ab(gbcω
c ) =⇒ g ca gab = δc

µb , gµνgνσ = δ
µ
µσ.
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• gab

)
∂

∂xµ

*b

= gµν(dxν)a , ηab

)
∂

∂x0

*b

=−(dx0)a . g ab(dxµ)b = gµν
)
∂

∂xν

*a

.

21. ηab := ηµν(dxµ)a(dxν)b =−(dt )a(dt )b + (dx)a(dx)b + (dy)a(dy)b + (dz)a(dz)b .
•

$
t ,r,θ,φ

%
: ηab =−(dt )a(dt )b + (dr )a(dr )b + r 2(dθ)a(dθ)b + r 2 sin2θ(dφ)a(dφ)b . ds2 =−dt 2 +dr 2 + r 2(dθ2 + sin2θdφ2).

22. T(ab) := 1

2
(Tab +Tba), T[ab] := 1

2
(Tab −Tba). Ta1···al = T(a1···al ) ⇒ Ta1···al = Taπ(1)···aπ(l ) . Ta1···al = T[a1···al ] ⇒ Ta1···al = δπTaπ(1)···aπ(l ) .

• T[a1···al ]S
a1···al = T[a1···al ]S

[a1···al ] = Ta1···al S[a1···al ]. T[[ab]c] = T[abc], where T[[ab]c] =
1

2
(T[abc] −T[bac]).

• T[(ab)c] = 0, T(a[bcd ]) = 0. T (abc)S[abc] = 0. Ta1···al = T[a1···al ] ⇒ T(a1···al ) = 0, Ta1···al = T(a1···al ) ⇒ T[a1···al ] = 0.

Riemann curvature

1. ∇a : FM (k, l ) →FM (k, l +1) is a derivative operator if (a) linearity. (b) Leibnitz. (c) v( f ) = v a∇a f . (d) ∇a∇b f =∇b∇a f .
• (e) Commutativity with contraction. ∇a(vbωb) = vb∇aωb +ωb∇a vb .
• ∇a f = (d f )a . Proof. (d f )a v a = v( f ) = v a∇a f . ∇a f = '∇a f = (d f )a .
2. ω′

b

!!
p =ωb

!!
p ⇒

-&'∇a −∇a
(
ωb

.
p =

-&'∇a −∇a
(
ω′

b

.
p

. '∇a −∇a : TVp (0,1) →TVp (0,2). '∇a −∇a =C c
µab .

• ∇aωb = '∇aωb −C c
µabωc . ∇a vb = '∇a vb +C b

µac vc . ∇aT b
µc = '∇aT b

µc +C b
µad T d

µc −C d
µac T b

µd .

Proof. ∇a(ωb vb) =ωb∇a vb + vb∇aωb =ωb∇a vb + vb('∇aωb −C c
µabωc ). '∇a(ωb vb) =∇a(ωb vb) =ωb '∇a vb + vb '∇aωb

4. ∂aT b
µc = (dxµ)a

)
∂

∂xν

*b

(dxσ)c∂µT ν
µσ. ∂a vb = (dxµ)a

)
∂

∂xν

*b

vνµ,µ, vνµ,µ ≡ ∂µvν ≡ ∂vν

∂xµ
. ∇a vb = (dxµ)a

)
∂

∂xν

*b

vνµ;µ.

• ∂a

)
∂

∂xν

*b

= 0, ∂a(dxν)b = 0. ∂a∂bT = ∂b∂aT , ∂[a∂b]T = 0.

• vνµ;µ = vνµ,µ+Γνµµσvσ, ων;µ =ων,µ−Γσµµνωσ.

5. [u, v]a = ub∇b v a − vb∇bua . [u, v]µ = (dxµ)a[u, v]a = uν∂νvµ− vν∂νuµ.
6. A vector field v a on C (t ) is called parallelly transported along C (t ) if T b∇b v a = 0.

7. T b∇b v a =
)
∂

∂xµ

*a)
dvµ

dt
+ΓµµνσT νvσ

*
. T b∇b v a = 0 ⇐⇒ dvµ(t )

dt
+ΓµµνσT νvσ = 0.

8. Consider (M , gab). ua va ≡ gabua vb is constant ⇐⇒∇c gab = 0. For (M , gab) there is a unique ∇a s.t. ∇a gbc = 0.

Proof. 0 =∇a gbc = '∇a gbc −C d
µab gdc −C d

µac gbd = '∇a gbc −Ccab −Cbac ⇒Ccab +Cbac = '∇a gbc ⇒Ccab = 1

2
('∇a gbc + '∇b gac − '∇c gab)

=⇒ C c
µab = g cdCd ab . Γc

µab = 1

2
g cd (∂a gbd +∂b gad −∂d gab). Γσµµν = Γc

µab(dxσ)c

)
∂

∂xν

*a)
∂

∂xν

*b

.

=⇒ Γσµµν =
1

2
(dxσ)c

)
∂

∂xµ

*a)
∂

∂xν

*b

g cd (∂a gbd +∂b gad −∂d gab) = 1

2
gσρ(∂µgνρ +∂ρgµρ −∂ρgµν) = 1

2
gσρ(gνρ,µ+ gµρ,ν− gµν,ρ).

9. A geodesic on (M ,∇a) satisfies T b∇bT a = 0. In a coordinate system,
dT µ

dt
+ΓµµνσT νTσ = 0,

d2xµ

dt 2 +Γµµνσ
dxν

dt

dxσ

dt
= 0.

• Geodesic
re-parameterized−−−−−−−−−−−−→ T ′b∇bT ′a =αT ′a .

10. p ∈ M and a vector v a at p uniquely determines the geodesic γ(t ) that satisfies (a) γ(0) = p. (b) Its tangent vector at p is v a .
11. f ∈FM , ωa ∈F (0,1), then (∇a∇b −∇b∇a)( f ωc ) = f (∇a∇b −∇b∇a)ωc .

12. ωc ,ω′
c ∈F (0,1) and ω′

c

!!
p =ωc

!!
p , then

-
(∇a∇b −∇b∇a)ω′

c

.
p = [(∇a∇b −∇b∇a)ωc ]p ⇒ (∇a∇b −∇b∇a)ωc = Rµµµd

abc ωd .

• For (Rn ,δab/ηab), (∂a∂b −∂b∂a)ωc = (dxµ)a(dxν)b(dxσ)c (∂µ∂νωσ−∂ν∂µωσ) = 0.

13. (∇a∇b −∇b∇a)vc =−Rµµµc
abd vd . (∇a∇b −∇b∇a)T c

µd = Rµµµe
abd T c

µe −Rµµµc
abe T e

µd .

14. (M , gab →∇a) : Rabcd ≡ ged Rµµµe
abc . (1) Rµµµd

abc =−Rµµµd
bac . (2) Rµµµd

[abc] = 0. (3) ∇µ[aRµµµe
bc]d = 0. (4) Rabcd =−Rabdc . (5) Rabcd = Rcd ab .

Proof. Rµµµµd
[abc] ωd =∇ [a∇bωc]−∇ [b∇aωc] = 2∇ [a∇bωc]. ∇a(∇bωc ) = ∂a∇bωc−Γd

µab∇dωc−Γd
µac∇dωc = ∂a(∂bωc−Γe

µbcωe )−Γd
µab∇dωc−

Γd
µac∇dωc =⇒∇ [a(∇bωc]) = ∂ [a∂bωc] −Γe

µ [bc∂a]ωe −ωe∂ [aΓ
e
µbc] −Γ

d
µ [ab∇|d |ωc] −Γd

µ [ac∇b]ωd = 0

15. Ricci tensor. Rac ≡ g bd Rabcd or Rac ≡ Rµµµb
abc (without metric). Scalar curvature R ≡ g ac Rac .

16. Weyl tensor. Cabcd := Rabcd − 2

n −2
(ga[c Rd ]b − gb[c Rd ]a)+ 2

(n −1)(n −2)
Rga[c gd ]b .

17. Rµµµρ
µνσ = Γρµµσ,ν−Γ

ρ
µνσ,µ+ΓλµσµΓ

ρ

µνλ
−ΓλµσνΓ

ρ

µµλ
.

Lie derivative, Killing vector field, hypersurface

1. Pullback φ∗ : FN →FM , f '→φ∗ f is defined as (φ∗ f )
!!

p := f
!!
φ(p), ∀ f ∈FN , ∀p ∈ M .

2. Pushforward φ∗ : Vp →Vφ(p), v a '→φ∗v a is defined as (φ∗v)( f ) := v(φ∗ f ), ∀p ∈ M ,∀v a ∈Vp , ∀ f ∈FN .
3. Pullbackφ∗ : FN (0, l ) →FM (0, l ), (φ∗T )a1···al

!!
p (v1)a1 · · · (vl )al := Ta1···al

!!
φ(p)(φ∗v1)a1 · · · (φ∗vl )al , ∀T ∈FN (0, l ), p ∈ M , v1, ., vl ∈Vp

4. Pushforwardφ∗ : TVp (k,0) →TVφ(p)(k,0), (φ∗T )a1···ak (ω1)a1 · · · (ωk )ak := T a1···ak (φ∗ω1)a1 · · · (φ∗ωk )ak , ∀p ∈ M ,T ∈TVp (k,0), ∀ω1, · · · ,ωk ∈
V ∗
φ(p), where (φ∗ω)a v a :=ωa(φ∗v)a , ∀v a ∈Vp .

5. φ : M → N is diffeomorphism. φ∗ : FM (k, l ) →FN (k, l ), (φ∗T )a
µb

!!
q wa vb := T a

µb

!!
φ−1(q)(φ

∗ω)a(φ∗v)b , where (φ∗v)b ≡ (φ−1
∗ v)b .
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6. C (t ) is a curve in M , T a is the tangent vector at C (t0), then φ∗T a ∈Vφ(C (t0)) is the tangent vector at φ(C (t0)) of curve φ(C (t )).
7. p : M → N is diffeomorphism. p ∈O1, φ(p) ∈O2. ∀q ∈φ−1[O2], x ′µ(q) := yµ(φ(q)).

•
$

x ′µ%
coordinate line

φ−→
$

yµ
%

coordinate line. φ∗
12

∂
∂x ′µ

3a !!
p

4
=

2
∂
∂yµ

3a !!
φ(p), φ∗

1&
dx ′µ(

a

!!
p

4
=

&
dyµ

(a !!
φ(p).

• (φ∗T )µµν
!!
φ(p) = T ′µ

µν

!!
p .

8. Lie derivative Lv T a
µb := lim

t→0

1

t

2
φ∗

t T a
µb −T a

µb

3
.

9. Lv f = v( f ), ∀ f ∈F . Proof. Lv f
!!!

p
≡ lim

t→0

1

t

&
φ∗

t f − f
(!!!

p
= lim

t→0

1

t

+
f
!!!
φ(p)

− f
!!!

p

,
= lim

t→0

1

t

-
f (C (t )− f (C (0))

.
= d

dt
f (C (t ))

!!
t=0 ≡ v( f ).

10. In the adapted coordinate system of v a , (Lv T )µµν =
∂T µ

µν

∂x1 .

11. Lv ua = [v,u]a = vb∇bua −ub∇b v a . Lvωa = vb∇bωa +ωb∇a vb . Lv T a
µb = vc∇c T a

µb −T c
µb∇c v a +T a

µc∇b vc .

Proof. In the ACS
$

xµ
%

of v a , [v,u]µ = (dxµ)a[v,u]a = (dxµ)a(vb∂bua −ub∂b v a) = vb∂b(dxµ)aua = vb∂buµ = v(uµ) = ∂uµ

∂x1 = (Lv u)µ.

12. ξa is Killing ⇐⇒ Lξgab = 0 ⇐⇒∇(aξb) = 0 ⇐⇒∇aξb =∇[aξb], where ∇a gbc = 0.

13. ξa is Killing, T a is the tangent vector of a geodesic ⇒ T a∇a(T bξb) = 0. (T bξb is constant along the geodesic).

14. On (M , gab), dim M = n. There are at most
1

2
n(n +1) independent Killing vector fields.

• (R2,δab): ds2 = dx2 +dy2, g11 = g22 = 1, g12 = 0 ⇒
∂gµν
∂x

= 0 ⇒
)
∂

∂x

*a

,

)
∂

∂y

*a

are Killing vector fields.

• (R3,δab):

)
∂

∂x

*a

,

)
∂

∂y

*a

,

)
∂

∂z

*a

. −y

)
∂

∂x

*a

+x

)
∂

∂y

*a

, −z

)
∂

∂y

*a

+ y

)
∂

∂z

*a

, −x

)
∂

∂z

*a

+ z

)
∂

∂x

*a

.

• (R2,ηab): ds2 =−dt 2 +dx2.

)
∂

∂t

*a

,

)
∂

∂x

*a

.

5
x =ψcoshη

t =ψsinhη
⇒ ds2 = dψ2 −ψ2dη2 ⇒

)
∂

∂η

*a

= t

)
∂

∂x

*a

+x

)
∂

∂t

*a

.

• (R4,ηab):

)
∂

∂t , x, y, z

*a

. −y

)
∂

∂x

*a

+x

)
∂

∂y

*a

(3). t

)
∂

∂x

*a

+x

)
∂

∂t

*a

(3).

15. φ[S] is hypersurface, na ∈V ∗
a is the normal covector of φ[S] at q , if na w a = 0, ∀w a ∈Wq .

• f = constant is a hypersurface, then ∇a f is its normal covector.
16. On (M , gab), na ≡ g abnb ∈Vq is orthogonal to all vectors on φ[S]. na ∈Wq ⇐⇒ nana = 0.

17. Induced metric of Wq from Vq : hab w a
1 wb

2 = gab w a
1 wb

2 . hab = gab ∓nanb with nana =±1.

18. For non-null hypersurface, define ha
µb ≡ g ac hcb = δa

µb ∓nanb . ha
µb vb = v a ∓na(nb vb) ⇒ v a = ha

µb vb ±na(nb vb).

Differential forms

1. ωa1···al ∈TV (0, l ) is an l -form on V if ω =ωa1···al =ω[a1···al ]. ωa1···al =ω[a1···al ] ⇐⇒ωµ1···µl =ω[µ1···µl ].

2. ω∧µ≡ (ω∧µ)a1···al b1···bm := (l +m)!

l !m!
ω[a1···alµb1···bm ]. ∧ :Λ(l )×Λ(m) →Λ(l +m).

3. For 1-form, ω∧µ≡ωa ∧µa = 2ω[aµb] =ωaµb −ωbµa . µ∧ω = 2µ[aωb] =µaωb −µbωa . In general ω∧µ= (−1)lmµ∧ω.

4. dimV = n =⇒ dimΛ(l ) = n!

l !(n − l )!
for l ≤ n. Proof. ωab =ω11

&
e1(

a

&
e1(

b +ω12
&
e1(

a

&
e2(

b +ω13
&
e1(

a

&
e3(

b +ω21
&
e2(

a

&
e1(

b +·· · .

ω11 =ω22 =ω33 = 0, ω21 =−ω12, ω32 =−ω23, ω13 =−ω31. ωab =ω12
-&

e1(
a

&
e2(

a −
&
e2(

a

&
e1(

a

.
+ω23 · · · =ω12

&
e1(

a ∧
&
e2(

b +·· ·
=⇒ ωab ∈Λ(2) can be linearly expressed by

$&
e1(

a ∧
&
e2(

b ,
&
e2(

a ∧
&
e3(

b ,
&
e3(

a ∧
&
e1(

b

%
.

5. ωa1···al =
6

C
ωµ1···µl

&
eµ1

(
a1

∧ · · ·∧
&
eµl

(
al

, ωµ1···µl =ωa1···al

&
eµ1

(a1 · · ·
&
eµ1

(a1 .

• In (O,ψ) coordinate system, ωa1···al =
6

C
ωµ1···µl (dxµ1 )a1 ∧ · · ·∧ (dxµl )al , ωµ1···µl =ωa1···al

)
∂

∂xµ1

*a1

· · ·
)

∂

∂xµl

*al

.

• For l = n, ωa1···an =ω1···n(dx1)a1 ∧ · · ·∧ (dxn)an , or ω =ω1···ndx1 ∧ · · ·∧dxn .
6. Exterior differentiation operator d :ΛM (l ) →ΛM (l +1) is defined as (dω)ba1···al := (l +1)∇[bωa1···al ].
• ωa1···al =

6

C
ωµ1···µl (dxµ1 )a1 ∧ · · ·∧ (dxµl )al =⇒ (dω)ba1···al =

6

C

&
dωµ1···µl

(
b ∧ (dxµ1 )a1 · · ·∧ (dxµl )al .

7. d◦d = 0. [d(dω)]cba1···al = (l +2)(l +1)∂[c∂[bωa1···al ]] = (l +2)(l +1)∂[c∂bωa1···al ] = (l +2)(l +1)∂[(c∂b)ωa1···al ] = 0.
8. Suppose ω is an l-form on M . ω is called closed if dω = 0. ω is called exact if ∃ (l −1)-form µ s.t. ω = dµ.
• Exmaple. M =R2, For X (x, y) and Y (x, y), ∃ f (x, y) s.t. d f = X dx +Y dy ⇐⇒ ∂X /∂y = ∂Y /∂x.

Proof. d
&
X dx +Y dy

(
= dX ∧dx +dY ∧dy =

)
∂X

∂x
dx + ∂X

∂y
dy

*
∧dx +

)
∂Y

∂x
dx + ∂Y

∂y
dy

*
∧dy =

)
∂Y

∂x
− ∂X

∂y

*
dx ∧dy .

9. n-dimensional manifold is called orientable if there exists a C0, non-vanishing n-form field ε on it.
10. Suppose (O,ψ) is the right-handed coordinate system of n-dimensional orientable manifold M , ω is a C0 n-form field on G ⊂O.

ω =ω1···n(x1, · · · , xn)dx1 ∧ · · ·∧dxn , define the integral of ω on G as
/

G
ω :=

/

ψ[G]
ω1···n(x1, · · · , xn)dx1 · · ·dxn .

11. Stokes theorem in (R3,δab):
7

S
(∇×A) ·dS =

8
A ·dl. On manifold with boundary N :

/

i(N )
dω =

/

∂N
ω.

3



Example. M =R2, S = i(N ), L = ∂N . Let ω = Aa = δab Ab , Aa = Aµ(dxµ)a . dω = dAµ∧dxµ =
∂Aµ
∂xν

dxν∧dxµ =
)
∂A2

∂x1 − ∂A1

∂x2

*
dx1 ∧dx2.

'ωa = 'ω1(l )(dl )a , 'ω1(l ) = 'ωa

)
∂

∂l

*a

=ωa

)
∂

∂l

*a

= Aa

)
∂

∂l

*a

= Al =⇒
8

L
Al dl =

/

∂N
ω.

12. Consider (M , gab), suppose εa1a2 is a volume element, then εa1a2 ≡ g a1b1 g a2b2εb1b2 . If gab ≡ δab/ηab , εa1a2εa1a2 = ±2(ε12)2. In
general, for any gab , εa1···anεa1···an = (−1)s n!(ε1···n)2.
13. The volume element that is compatible with gab satisfies εa1···anεa1···an = (−1)s n!.
• For orthonormal basis, let ε1···n =±1, εa1···an =±(e1)a1 ∧ · · ·∧ (en)an .

• (R3,δab). Let ε= dx ∧dy ∧dz. G is an open subset.
/

G
ε=

9

G
dxdydz =VG .

14. The volume element that is compatible with gab satisfies εa1···an =±
0!!g

!!(e1)a1 ∧ · · ·∧ (en)an for
$
(eµ)a%

basis.
15. ∇a and ε is compatible with gab , then ∇bεa1···an = 0.

16. δ[a1
µµa1

· · ·δa j
µ a j

δ
a j+1

µµµ b j+1
· · ·δan ]

µµ bn
= (n − j )! j !

n!
δ

[a j+1

µ µb j+1
· · ·δan ]

µµ bn
.

17. εa1···anεb1···bn = (−1)s n!δ[a1
µµ b1

· · ·δan ]
µµ bn

. εa1···a j a j+1···anεa1···a j a j+1···an = (−1)s (n − j )! j !δ
[a j+1

µ µb j+1
· · ·δan ]

µµ bn
.

18. f is C0 on M , define
/

M
f :=

/

M
f ε. For (R2,δab),

/
f =

/
f ε=

/
ω =

9
F (x, y, z)dxdydz =

9
F̂ (r,θ,ϕ)r 2 sinθdr dθdϕ.

19. N is a compact embedding submanifold in (M , gab), then
/

i(N )
(∇b vb)ε=

/

∂N
vbεba1···an−1 .

20. Gauss’s Law.
9

V
∇ ·AdV =

:

S
A ·ndS. On manifold with boundary N :

/

i(N )
∇a v aε=±

/

∂N
v ana ε̂.

21. dimΛp (l ) = n!

l !(n − l )!
= dimΛp (n − l ).

22. On (M , gab), # :ΛM (l ) →ΛM (n − l ), ωa1···al '→#ωa1···an−l := 1

l !
ωb1···bl εb1···bl a1···an−l , where ωb1···bl = g b1c1 · · ·g bl clωc1···cl .

23. f ∈FM , # fa1···an = f εa1···an . #(# f ) =#( f ε) = 1

n!
f εb1···bnεb1···bn = (−1)s f . In general, ##ω = (−1)s+l (n−l )ω.

24. ωab ≡ Aa ∧Bb = 2A[aBb] =⇒ #ωc =
1

2
ωabεabc = εabc A[aB b] = εabc AaB b . εi j k in

$
x, y, z

%
is orthonormal (Levi-Civita).

25. In (R3,δab), ∇ f = ∂a f . ∇ ·A = ∂a Aa . ∇×A = εabc∂a Ab . ∇ · (A ·B) = ∂a(AaB b). ∇2 f = ∂a∂
a f .

26. In (R3,δab), grad f = d f . curl
−→
A =#dA. div

−→
A =#d(#A).

27. curl
−→
E = 0 ⇒∃ scalar field φ s.t.

−→
E = grad φ. div

−→
B = 0 ⇒∃ vector field

−→
A s.t.

−→
B = curl

−→
A

Proof. curl
−→
E = 0 ⇐⇒#(dE) = 0 =⇒ dE = 0 =⇒ E is closed =⇒ E is exact =⇒∃ φ s.t. E = dφ=⇒−→

E = grad f .

div
−→
B = 0 =⇒ d(#B) = 0 =⇒#B is closed ⇒ exact =⇒∃ A s.t. #B = dA =⇒ B =#dA.

Special Relativity

1. In an inertial reference frame R, the velocity of a particle at p is defined as u ≡
;

dx2 +dy2 +dz2

dt
. ds2 =−(1−u2)dt 2.

2. The world line of an inertial observer is a time like geodesic, satisfying

)
∂

∂t

*a

∂a

)
∂

∂t

*b

= 0.

3. A standard clock satisfies τ2 −τ1 =
/p2

p1

;
−ds2.

4. Suppose L(τ) is a world line of a particle. In R, dτ2 =−ds2 = (1−u)2dt 2 =⇒ dt

dτ
= γu = 1

3
1−u2

. ∆t = γ∆τ.

5. −→p := mu
−→u = γm−→u . f := d−→p /dt .

6.
dEk

dt
=−→

f ·−→u = d−→p
dt

·−→u =−→u · d(muu)

dt
= mu

−→u · d−→u
dt

+−→u ·−→u dmu

dt
= ·· · = c2 dmu

dt
=⇒ Ek (u) = muc2 −m0c2. E := γm.

7. The 4-velocity of a particle is the tangent vector of its world line with parameter τ. U a :=
)
∂

∂τ

*a

. U aUa = ηabU bU a =−1.

8. Spatial vector is an element in the set Wp =
<

w a ∈Vp
!!ηab w a Z b = 0

=
.

9. U a ≡
)
∂

∂τ

*a

=
)
∂

∂t

*a dt

dτ
+

)
∂

∂xi

*a dxi

dτ
. U adτ=

)
∂

∂τ

*a

dt +
)
∂

∂xi

*a

dxi = Z adt +
)
∂

∂xi

*a

dxi . ua :=

2
∂
∂xi

3a
dxi

dt
=

2
∂
∂xi

3a dxi

dτ

dt/dτ
=

ha
µbU b

γ
,

where γ≡ dt

dτ
=−ZaU a , hab = ηab +Za Zb . Proof. −ZaU a =−ηab Z bU a =−ηµνZ νUµ =−η00Z 0U 0 =U 0 = dt

dτ .

• u2 = habuaub = hab

ha
µcU c hb

µdU d

γ2 = 1

γ2 hcdU cU d = 1

γ2

2
ηcdU cU d +Zc ZdU cU d

3
= 1

γ2

2
ηcdU cU d +γ2

3
= 1+ ηcdU cU d

γ2 .

• γua = ha
µbU b = (δa

µb +Z a Zb)U b =U a −γZ a =⇒U a = γ(Z a +ua) = γ′(Z ′a +u′
a).

10. P a = mU a = E Z a +pa . E =−P a Za . P aPa =−E 2 +p2 = m2U aUa =−m2 =⇒ E 2 = m2 +p2.

11. The 4-acceleration Aa =U b∂bU a . Aa = 0 ⇐⇒U b∂bU a = 0 (geodesic). AaUa =UaU b∂bU a = 1

2
U b∂b(UaU a) = 0.
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12. The 3-acceleration on L(τ) aa = d2xi (t )

dt 2

)
d

dxi

*a

. A0 = γ4−→u ·−→a , Ai = γ2ai +γ4(−→u ·−→a )ui .

13. The 4-force F a =U b∂bP a F i =U b∂bP a =U b∂b(mU a) = mU b∂bU a = m Aa . F i = γ f i , F 0 = γ
−→
f ·−→u , where

−→
f = d−→p

dt
.

Proof. Fµ = F a(dxµ)a = (dxµ)aU b∂bP a =U b∂b[(dxµ)aP a] =U b∂bPµ. F i =U b∂b p i =
)
∂

∂τ

*b

∂b p i = dp i

dτ
= γ

dp i

dt
= γ f i .

F 0 =U b∂bP 0 =
)
∂

∂τ

*b

∂bE = dE

dτ
= γ

dE

dt
= γ

−→
f ·−→u .

14. −→p = γm−→u = 1

c2 E−→u ×1/V−−−−→ momentum density =
1

c2 energy density ·−→u = 1

c2 energy flux.

15. The energy-momentum tensor Tab : Tab = Tba . ∂aTab = 0.
16.

for instant observer (p, (eµ)a), (e0)a = Z a :

µ= Tab Z a Z b = T00 the energy density
wi =−Tab Z a(ei )b =−T0i the i -th component of the 3-momentum density
Ti j = Tab(ei )a(e j )b = T i j the i j -component of the stress tensor
W a =−T a

µb Z b the 4-momentum density

17. The 3-dimensional stress tensor T̂ab ≡ Ti j (e i )a(e j )b . T i j =
1

T̂ ab(e i )b

4
(e j )a ⇒ T̂ ab is the 3-momentum flux density tensor.

18. W a =µZ a +w a . Proof. W 0 =W a(e0)a =−T a
µb Z b(−Za) = Tab Z b Z a =µ. W i =W a(e i )a =−T a

µb Z b(e i )a =−Tab Z b(e i )a = w i .
19. ∂bTab = 0 ⇒ energy conservation.

Proof. ∂aW a = ∂a(−T a
µb Z b) =−Z b∂aTab −T a

µb∂a Z b = 0 = ∂µW µ = ∂0W 0 +∂i W i = ∂0µ+∂i w i = ∂µ

∂t
+∇ ·−→w = 0.

20. Perfect fluid Tab =µUaUb +p(ηab +UaUb) = (µ+p)UaUb +pηab . where µ, p are scalar fields, U a is a vector field, U aUa =−1.
21. For comoving observer (p,U a!!

p ), Tab(e0)a(e0)b = TabU aU b = (µ+p)UaUbU aU b +pηabU aU b =µ, the proper energy density.

22.
$
(ei )a%

is the triad for the comoving observer, Tab(ei )a(e j )b = pηab(ei )a(e j )b = pδi j ⇒ 3-dim stress tensor
.=

+
p 0 0
0 p 0
0 0 p

,
.

• (a) No shear stress. (b) T11 = T22 = T33 =⇒ isotropic. (c) Tab = (e0)a(ei )b = 0 ⇒ energy density measured by the comving observer
= 0 ⇒ no heat transfer.
23. 0 = ∂aTab =UaUb∂

a(µ+p)+ (µ+p)(Ua∂
aUb +Ub∂

aUa)+∂b p =UbU a∂a(µ+p)+ (µ+p)(U a∂aUb +Ub∂aU a)+∂b p.
⊗U b

−−−→ 0 =−U a∂a(µ+p)+ (µ+p)(U bU a∂aUb −∂aU a)+U b∂b p =U a∂aµ+ (µ+p)∂aU a . Non-rel limit: U a =
)
∂

∂t

*a

+ua , p ≪µ

=⇒ 0 =
)
∂

∂t

*a

∂aµ+ua∂aµ+µ∂aua = ∂µ

∂t
+∂a(µua) =⇒ ∂µ

∂t
+∇ ·

&
µ−→u

(
= 0 (conservation of mass).

⊗hb
µc=δb

µc+U bUc
−−−−−−−−−−−−→ 0 = 0+ (µ+p)(U a∂aUc +U bUcU a∂aUb +0)+∂c p +UcU b∂b p = (µ+p)U a∂aUc +∂c p +UcU b∂b p
⊗

!
∂

∂xi

"c

−−−−−→ 0 =µ
+)

∂

∂t

*a

∂aui +ua∂aui

,
+ ∂p

∂xi
+ui

>)
∂

∂t

*b

+ub

?
∂b p =µ

+
∂ui

∂t
+ua∂aui

,
+ ∂p

∂xi
+ui

∂p

∂t
+ui u j ∂p

∂x j

nonrel−−−−→ 0 =µ
)
∂ui

∂t
+ua∂aui

*
+ ∂p

∂xi
=⇒−∇p =µ

+
∂−→u
∂t

+ (−→u ·∇)−→u
,

(Euler’s equation).

24. With instantaneous obersver (p, Z a), Ea = Fab Z b , Ba =−#Fab Z b . E a = ηabEb , B a = ηabBb .
• Ea Z a = Fab Z a Z b = F[ab]Z (a Z b) = 0. Ba Z a =−#Fab Z a Z b = 0.

25. Observer: (p, (eµ)a). Ei = Fi 0, B1 = F23, B2 = F31, B3 = F12. Fµν =

@
AAB

0 −E1 −E2 −E3

E1 0 B3 −B2

E2 −B3 0 B1

E3 B2 −B1 0

C
DDE.

•Ei = Ea(ei )a = Fab Z b(ei )a = Fab(e0)b(ei )a = Fi 0. Bi = Ba(ei )a =−#Fab Z b(ei )a =−1

2
F cdεabcd (ei )a(e0)b =−1

2
F cdεcdi 0 =−1

2
Fµνεµνi 0.

B1 =
1

2
Fµνεµν01 =

1

2

&
F 23ε2301 +F 32ε3201

(
= F 23.

26. E ′
1 = E1, E ′

2 = γ(E2 − vB3), E ′
3 = γ(E3 + vB2). B ′

1 = B1, B ′
2 = γ(B2 + vE3), B ′

3 = γ(B3 − vE2).

Proof. T ′
µν =

∂xα

∂x ′µ
∂xβ

∂x ′ν Tαβ. E ′
2 = T ′

20 =
∂x2

∂x ′2
∂t

∂t ′
T20 +

∂x2

∂x ′2
∂x1

∂t ′
T21 = γE2 −γvB3 = γ(E2 − vB3).

27. 4-current density J a = ρ0U a . J a = ρZ a +ua . Proof. J a = ρ0U a = ρ0γ(Z a +ua) = ρZ a +ρua = ρZ a + j a . ρ =−Za J a .

• Continuity equation
∂ρ

∂t
+∇ ·−→j = 0, ∂a J a = 0.

28. Maxwell’s equations. ∂aFab =−4πJb , ∂[aFbc] = 0 =⇒∇ ·−→E = 4πρ, ∇×−→
E =−∂

−→
B

∂t
, ∇ ·−→B = 0, ∇×−→

B = 4π
−→
j + ∂

−→
E

∂t
.

Proof. Background: (R4,ηab) with ∂a ,εabcd and (Σt ,δab) with F∂a ,Fεabc .

∇ ·−→E = F∂aE a = ∂E i

∂xi
= ∂aE a = ∂aEa = ∂a(Fab Z b) = Z b∂aFab = Z b(−4πJb) = 4πρ.

(∇×−→E )c = Fεab
µµc

F∂aEb . F∂aEb = (dxi )a(dx j )b
F∂i E j = (dxi )a(dx j )b∂i E j . ∂aEb = (dxµ)a(dx j )b∂µE j = (dx0)a(dx j )b∂0E j + (dxi )a(dx j )b∂i E j .
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hµd
a hµe

b ∂d Ee = 0+ (dxi )a(dx j )b∂i E j = F∂aEb . (∇×−→
E )c = Fεab

µµc
F∂aEb = Fεab

µµc hµd
a hµe

b ∂d Ee = Fεde
µµc∂d Ee = Fεab

µµc∂aEb = Fεab
µµc∂a(Fbe Z e ) =

Z eFεab
µµc∂aFbe =−Z eFεab

µµc∂e Fab −Z eFεab
µµc∂bFea . Z eFεab

µµc∂bFea = Fεab
µµc∂b(Fea Z e ) = Fεab

µµc∂a(Fbe Z e ). Fεabc = Z dεabcd .

=⇒ 2(∇×−→
E )c =−Z eFεab

µµc∂e Fab =−Z e Z d Fεd abc∂e F ab =−Z e∂e (εd abc F ab Z d ).

29. Lorentz force
−→
f = q(

−→
E +−→u ×−→

B ). Lorentz 4-force F a = qF a
µbU b . qF a

µbU b =U b∂bP a .

Proof. F a = γqF a
µb(Z b +ub) = γq(E a +F a

µbub) ⇒ Fa = γq(Ea +Fabub) ⇒ Fi = Fa(ei )a = γq(Ei +Fi j u j ).

(−→u ×−→
B )c = Fεab

µµc uaBb = Fεab
µµc ua(−#Fbd Z d ) =−Fεab

µµc ua

)
1

2
F e f εe f bd Z d

*
=−1

2
Fεabc uaFe f ε

e f bd Zd =−1

2
Z d Fεd abc uaFe f ε

e f bd Zd .

30. Tab = 1

4π

)
Fac Fµc

b − 1

4
ηabFcd F cd

*
= 1

8π

&
Fac Fµc

b +#Fac #Fµc
b

(
.

31. ∂[aFbc] = 0 ⇐⇒ dF = 0 =⇒∃ A s.t. F = dA ⇐⇒ Fab = (dA)ab = 2∂[a Ab] =⇒ Fab = ∂a Ab −∂b Aa . Aa is called the 4-potential of Fab .
32. Ã = A+dχ, χ is C2 is also a 4-potential. Lorenz gauge: ∂a Aa = 0.
33. Aa =−φ(dt )a +aa .
34. −4πJb = ∂a(∂a Ab −∂b Aa) = ∂a∂a Ab −∂b∂

a Aa . Lorenz gauge: ∂a∂a Ab =−4πJb . Sourceless wave equation: ∂a∂a Ab = 0.

35. Consider Ab =Cb cosθ and ∂aCb = 0 =⇒ 0 = ∂a∂a Ab = ∂a(−Cb sinθ∂aθ) =−Cb
-
sinθ∂a∂aθ+cosθ(∂aθ)∂aθ

.
⇒

5
(∂aθ)∂aθ = 0

∂a∂aθ = 0
.

Let K a = ∂aθ⇒ K aKa = 0 (null) ⇒ 0 = 2K a∂bKa = 2K a∂b∂aθ = 2K a∂a∂bθ = 2K a∂aKb ⇐⇒ 0 = K a∂aK b ⇒ null geodesic.
Consider S =

$
p ∈R4!!θp = constant

%
=⇒ Ka is its normal covector =⇒ K a is a normal vector field =⇒ S is null hypersurface.

Let K a = K µ

)
∂

∂xµ

*a

= K 0
)
∂

∂t

*a

+K i
)
∂

∂xi

*a

=ω

)
∂

∂t

*a

+ka . (dθ)a = ∂aθ = Ka = Kµ(dxµ)a =⇒ dθ = Kµdxµ
Kµ= constant
−−−−−−−−−→ θ = Kµxµ =

K0t +Ki xi =−ωt +ki xi =⇒ monochromatic plane wave Ab =Cb cos
2
ωt −ki xi

3
.

• K a =ωZ a +ka ⇒ω=−K a Za . 0 = K aKa = (ωZ a +ka)(ωZa +ka) =−ω2 +k2 ⇒ω2 = k2.
36. For a photon, P a =ħK a . P a = E Z a +pa ⇒ E =ħω, pa =ħka . P aPa = 0 ⇒ E 2 = pa pa = p2.

Fundamentals of General Relativity

1. For a free particle, 0 =U b∇bP a = mU b∇bU a ⇒ geodesic.

2. Minimal substitution. Aa =U b∇bU a , F a =U b∇bP a . ∇aFab =−4πJb , ∇[aFbc] = 0. Tab = 1

4π

)
Fac Fµc

b − 1

4
gabFcd F cd

*
.

3. (∇a∇b −∇b∇a)Aa =−Rµµµa
abd Ad = Rbd Ad =⇒∇a∇b Aa =∇b∇a Aa +Rbd Ad .

−4πJb =∇a(∇a Ab −∇b Aa) =∇a∇a Ab −∇a∇b Aa =∇a∇a Ab −∇a∇b Aa =∇a∇b Aa −∇b∇a Aa −Rbd Ad L.g.====∇a∇b Aa −Rµd
b Ad .

4. Fermi-Walker deriative
DF

dτ
: FG(τ)(k, l ) →FG(τ)(k, l ).

DF f

dτ
= d f

dτ
.

DFv a

dτ
= Dv a

dτ
+ (Aa Z b −Z a Ab)vb , where

Dv a

dτ
= Z b∇b v a .

• If G(τ) is a geodesic, then
DFv a

dτ
= Dv a

dτ
.

• DFZ a

dτ
= DZ a

dτ
+ (Aa Z b −Z a Ab)Zb = Z b∇b Z a − Aa = 0.

• DFw a

dτ
= ha

µb

Dwb

dτ
, where w a is a spatial vector.

• DFgab

dτ
= 0 ⇐⇒ DF(gab v aub)

dτ
= gab v a DFub

dτ
+gabub DFv a

dτ
. Proof. v a DFua

dτ
+ua DFv a

dτ
= va

+
Dua

dτ
+ (Aa Z b −Z a Ab)ub

,
+ua

+
Dv a

dτ
+ (Aa Z b −Z a Ab)vb

,
=

D(vaua)

dτ
+ v(aub) A[a Z b] = D(vaua)

dτ
= DFgab v aub

dτ

5. Vector field v a is called Fermi-Walker transported along G(τ) if
DFv a

dτ
= 0.

• DFv a

dτ
= DFua

dτ
= 0 =⇒ d(gab v aub)

dτ
= 0 =⇒ Inner product is conserved in Fermi transportation.

6. In Newtonian dynamics, −→w (t ) with fixed point o is called rotational if there exists a vector s.t.
d−→w (t )

dt
=−→ω (t )×−→w (t ).

7.
dw i (t )

dt
= εi

µ j kω
j wk =⇒ dw i (τ)

dτ
= εi

µ j kω
j wk . ωa

ha
µb−−→

Wp
ωa . LetΩab ≡ (#ω)ab =ωcεcab . εi j kω

j wk =−εi j kω
k w j =−Ωi j w j

=⇒ dw i

dτ
=−Ωi j w j .

$
ω1 =ω2 = 0,ω3 ∕= 0

%
=⇒ {Ω23 =Ω31 = 0,Ω12 ∕= 0}.

8. G(τ) is a world line in (M , gab), v a is a vector field on G(τ). If there exists a 2-form fieldΩab s.t.
Dv a

dτ
=−Ωab vb , then v a undergoes

a spacetime rotation with angular velocityΩab .
Dv a

dτ
= 0 ⇒ v a does not rotate in spacetime.

9. v a ,ua undergoes same spacetime rotationΩab on G(τ) =⇒ D(v aua)

dτ
= 0.

Proof.
D(v aua)

dτ
= ua

Dv a

dτ
+ va

Dua

dτ
= ua(−Ωab vb)+ va(−Ωabub) =−2Ωab v(aub) = 0.
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10. Gauge freedom: Ω′
ab =Ωab +Λab ,Λab vb = 0 =⇒ Dv a

dτ
=−Ω′ab vb =−Ωab vb .

11. The angular velocity 2-form of Z a on G(τ) is 'Ωab = Aa ∧Zb (Aa ∕= 0).

Proof. 0 = DFZ a

dτ
= DZ a

dτ
+ (Aa Z b −Z a Ab)Zb ⇒ DZ a

dτ
=−2A[a Z b]Zb =−(Aa ∧Z b)Zb =−'Ωab Zb . 'Ωab ≡ Aa Z b −Z a Ab .

• 'Ωab = Aa ∧Zb has 'Ωi j = 0 (Ω0i ∕= 0) ⇒ pseudo-rotation. Ωab withΩ0i = 0 ⇒ (spatial) rotation.
12. 'Ωab is the pseudo-rotation experienced by Z a ,Ωab is the spacetime rotation of w a . Then FΩab =Ωab − 'Ωab is spatial rotation.

13. Spatial vector field w a on G(τ) has no spatial rotation ⇐⇒ It is Fermi transported along G(τ),
DFw a

dτ
= 0.

Proof. FΩab =Ωab − 'Ωab ⇒−FΩab wb = Dw a

dτ
+ 'Ωab wb = DFw a

dτ
.

14. gab
DFwb

dτ
=−gab FΩbc wc =−gabε

bcdωd wc =−εacdω
d wc =−Z bεbacdω

d wc = εabcd Z b wcωd ⇒ gab
DFwb

dτ
= εabcd Z b wcωd .

ωa is called the spatial rotation angular velocity of spatial vecotor field w a .

spacetime rotation Ωab =ωcεcab
Dv a

dτ
=−Ωab vb

pseudo-rotation of Z a 'Ωab ≡ Aa ∧Zb
DZ a

dτ
=−'Ωab Zb

spatial rotation FΩab ≡Ωab − 'Ωab
DFw a

dτ
=−FΩab wb

15.

7


