Liang General Relativity

Symbols

Fum, F: The set of all C*™ scalar fields on M. Fps: The set of all C* functions on R3. Vp: The set of all vector at p € M.
Jv (k,1): The set of all tensors of type (k,[) on V. Ffvp (k, 1): The set of all tensors of type (k, 1) on Vp,, pe M.

Fm(k, 1): The set of all C* tensor fields of type (k, )on M.

Ap(): Thesetall all I-format pe M. Ap(l): The set of all [-form field on M.

Manifolds and Vector fields

l.v:Fy —Risavectorat pe M,ifVf,ge Fy, a, ER, (@) v(af +Bg) = av(f) + pr(g), b) v(fg) =f|pv(g)+g|pu(f).

2. With (O,%) and f € Zy;, we have F(x,---,x™). For p € O, we can define 7 vectors Xu(f) = w ,VfeZn.
edimV,=dimM=n. VYveV,, v=uv'X, where v* = v(x"). ’
3.For p€ O, {X1, -+, X,} is called a coordinate basis of V,,. Suppose pe OnO', v € V), then v"" = x:‘/ vk,
4. Suppose C(f) isa C! curve on M, then the tangent vector of C(t) at C(fy) is defined as T(f) = @ NfeFy T= %

o o
« Tangent vector to the x* coordinate line Xu(f) = aa)?; Xy = 06” For C(t), = dx:t( 2 %

0
5. {Xﬂ = Fyon } constitutes n smooth vector fields, called coordinate basis vector fields.
X

6. {e,} is a set of basis vectors of V = basis vectors of V" as /" (e,) = ot VoeV* w= wuet”, wy=wley). v=e""(ve,.
7.Themap V — V**, v— v** is defined as v** (w) = w(v), Yw € V* and is an isomorphism.
8. ¢, = A" ey, " = (A7) fe.

u
9.df | W =v(f),YVEV,. dx”(

p

0 oxH
edf = ﬁdx”. W, = o5 |, u
10. dim v (k, I) = n**L. Example. n=2,k=2,1=1. Abasis of Ty (2,1): e1®e; ®e'*, e; @ e ®e?*, e1 @2 0 e, ) ® €y ® €°*
eForTegy(2,1), T=T" e 0e,0e”, T, =T(e"" e"";ep).
e TeTy(L,1), T:V*xV—RorT:V—VorT:V*—V*. T=THe,0e"* T" = T(e'*;e).
1. T, = TAk,.
Proof. T", = T(€"*;€}) = TUA™),FeP*; A% e) = (A1), A%, T(eP*;e5) = (A1) M A%, TPy = (A1 17,47, = (AT TA),
12.TeJy(L,1).CT:=T,. TeJTy21).CiT=T(e"" oe)eV,CiT=T(" e"5e)=T", (CIT) =T(e"" e";e,) = T,
13. Clrvew) = v(w). Clvew) =vew(e;e,) = vie' ) w(ey) = e (v e,)w(ey) = v"6“vw(eu) =w(v) = v(w).
14.C)(T®v)=T(s,v), TeTV(0,2). C5(T®w)=T(s,w;s), TETy(2,1).
Proof. C3(T® v) = T® v(e!*;e,e,) = v(e!*) T(s,e,) = v, T(e,e,) = T(s, vMe,) = T(o, ).

0 ox'* ox"V axY
o llV _ " v _
®dx’, T T(dx dx"; i U) T, %% oxF 0% ,

3y o " 9
ax") = W(x“) = 6", = {dx*} are dual coordinate basis vectors. » = w,dx", w, = w(ax”)

ap
"

0
14 0 % v
15.T=T"se,®ey,®e”" =T P H®6x"

2
(ae) (3
dt dt
0 0 dx* dx”
17.0n (M, g). g(T,T) = g(T“a e T"axv)—T“T Suv = 8uv—— dt - :/\/|g(T, T)|dt=f\/gwdxﬂdxv=f\/|ds2\.

¢ (R",0). 8 =8, dx ®dx", ds® = 8, dxdx” = (dx’ )+ (dx?)’ +

o R", 7). n=nudx"®dx’, ds* =n,,dx* © dx" = —(dxo)2 + (dxl)2 +

18. T=T", e ®e,®e” = T =T (e,)%(e,)"(e%)e. Ty =T(e",e"*;e5) = Ty = T (") u(e")p(e0) .

e Tap€Tv(0,2). T(e,p) = Cé(T ®ey) = Tab(ey)b = Tqu. Tayu canbe considered as the u-th dual vector in the list Ty, -+, Tan.
19.6%,:V—V. 5“bvb =0, 8% wa = wp. oM, = 6“b(e“)a(ev)b =06 = é‘“v(ep)“(ev);J = (ep)(eM)p.

20. Letve V, gls,v) € V*. g(s,v) = Cl(g ® 1) = C(gap V) = gap v’ = 14 := gap?”, 0% := g wy,.

° gucch =g(e,e))® T(et";0) = Typ:= gacTCb

16. OnR%. dI? = dx® +dy? =

de? = [(TH? +(TH?]d¢? = |IT)*dt* = dl = | T|d¢, l:fmdt.

« gV = ganlew) () v () = gapv° (ew)“(en)’ (") = gapv° (ew) 67 . = gap v’ () = valew)” = vu.
c 0’ =g%wp= g™ (ghetv") = g gap =%, 8" gvo = 8,



oxV
21. Nap := Ny (dxH) o (dx")p = = (d8) o (d 1) + (dx) o (dX) p + (dY) o (dY) p + (d2) o (d2) p.
o {6,1,0,¢}: nap = —(d1) o(dDp + (dr) o (dr)p + r2(d0) o (dO), + 1P sin O(d) o (d)p. ds? = —de* +dr? + r?(d? +sin® Od?).

1 1
22. T(db) = E(Tab"' Tba)v T[ab] = E(Tab - Tba) Ta1 ‘a; — T(a1 -aj) = Tal a; — Tan(l) a,,(l] Tal a; — T[a1 -ap) = Tal -a; — 67[ Td”(l)"-aﬂ(l)'

a\? a\? b a\*
gab(a Ii) :gpv(dxv)ay nab(w) :_(dxo)a- g“ (dx”)b=g’w( ) .

° T[almal]sﬂl'"al = T[almal]s[ﬂl'"al] = Talmals[al"'ﬂl]‘ T[[ah]c] T[abc]) where T[[ab]c] _(T[ab(,‘] - T[bac])-

b
L T[(ah)c] =0, T(a[bcd]) =0. T(('z C)S[abc] =0. le"'al = T[ﬂl"'al] = T(dl"'al) =0, Tal...al = T(al..lal) = T[al..lall =0.

Riemann curvature

1.Va: Fpk,l) » Fpyk,l+1)isa derivative operator if (a) linearity. (b) Leibnitz. (c) v(f) = vV, f. (d) VoVpf =VpVaf.
¢ (e) Commutativity with contraction. V, (wbwy) = vbvawb +wpVavPl.

e Vof=Wdfa Pl’OOf (df)av =v(f)= Vavaf vuf Vaf dfNa.

2.0, |,=0p],= [(Va-Va)wp] , = [(Va )w;] Va—Va:9v,0,1) = Jv,0,2).V,~-V,=C

e Vawp=Va0p—C L we. Vav? =Va0?+CP 0. V1P, =V,T% +C? 1% -C?, 1",

Proof. V 4(wp vb) =wpVy v+ vaaa)b = waavb + vb(ﬁawb - Ccaba)c). ﬁa(wb vb) =V,(wp vb) = wlﬁavb + vbﬁawb

0 0 \? 0 \°
4.0, Tb (dx“)a( FyeY ) (dx7) 0, T",. aaybz(dx“)a(ﬁ) v vv,pzayv"z b:(dx”)a(ﬁ) vv;u.

Ny
. aa(

v, p T eV, 0y =y, —T7,0s
5. [u, V)%= ubvbv PV ul. [w, vl* = (dxM) alw, 1% = 10, v* — vV o, ut.
6. A vector field v® on C(r) is called parallelly transported along C(r) if TPV, v% =0.
0 dv# dv (1)
7. T'Vyv® = | — +TH, TV ‘7). TV, 0% =0 =
b (axﬂ) ( dr vo b
8. Consider (M, gap). uvy = gapu® v? is constant <> V.8ap =0. For (M, g,p) there is a unique V, s.t. V8, =0.

~ ~ ~ 1 ~ ~ ~
Proof. 0=V 48pc = Vagbe — Cdabgdc - Cdacgbd =Va8ve = Ceab— Chac = Ccab + Chac = Va&bec = Ceab = > (Vagpbe +Vo8ac —Vegab)

) =0, 04(dx")p =0. 0,0 T =0p0,T, 0140y T =0.

+TH, TV =0.

a b

= C°4;,= 8" Cuaap- T 4y = %gm!(aagbd‘*'abgad_adgab)- | :r”ab(dxﬂ)c(aiv) (6?cV) '
a 1 o a )\ o b cd 1 o 1 o

— = E(dx )C(@) (W) 8" Oagua+0p8ad ~Oagap) = 28 P(0u8vp +0p8up —0pguv) = 58 P(8vou+ 8upy = Buv.p)-

d?x* _,  dx”dx?

Az T vdr ar

dTH
9. A geodesic on (M, V) satisfies TPV, T% = 0. In a coordinate system, TS +TH, TVTY =0,

re-parameterized
—_

« Geodesic 7'V, T = aT'".

10. p € M and a vector v* at p uniquely determines the geodesic y(¢) that satisfies (a) y(0) = p. (b) Its tangent vector at p is v
11. fe Fp, wa€ F(0,1), then (V,Vy —VpV) (foe) = fF(VeVy = ViV we.

12. we, 0!, € Z(0,1) and w., |p =w, |p, then [(V,V, -V, V)] » = VaV = VpVawel, = (VaVp = VpVa)we = R
« For (R", Oab/Map), (040 —0p04)w¢ = (dxp)a(dxv)b(dxg)c(apavwa - avauwo) =0

13. (VaVp = VpV) v = =R v (VoVp=VpVa)T€, = R, TR, T

abd
d d
14. (M, gab = Va) : Ravca = geaRyp,,*- D R, “=-R, . (2) R[abd = 0 3 V[a peid =0+ @ Rabea = —Ravac- (5) Rabea = Redab-

d
Proof. R (b @d = V1aVpwe =V uVawe =2V V. Va(Vpoe) = Oavbwc—l" apVawe=T acvdwc = Oa(abwc—l"ebcwe)—l“dahvdwc—

d
abc Wq-

abc

T, Vawe = V (a(Vpoe) = 014050 = T¢ 1,0 y@e =060 ;1€ =T )V 104 =T,V 0q=0
15. Ricci tensor. Rae = 8% Rapeq O Rae = R, h (without metric). Scalar curvature R = g*°R,..
2
16. Weyl tensor. Cypeg := Rabea = Y (ga[cRd]b — &picRaya) +
p_1pP P A 1P Ao
17 Ruvo” =T gy =Ty + T TP = TR0 TP

2
— R .
n-Dn-2) 8alc8db

Lie derivative, Killing vector field, hypersurface

1. Pullback " : Fy — Fy, f— ¢* f is defined as (" f) | ,:= f | 5, V€PN, YpE M.

2. Pushforward ¢. : V), — Vi), v — ¢, v is defined as (¢ v) (f) := v(¢p™ f), Vpe M,Yv? € V), V[ € Fn.

3. Pullback ¢™ : Zn(0,1) = F (0, D), (p* T)g, .. -a | (v))™ - (v .= Tay-aq |¢(p)((,b* v))4 - (e v))M VT € N0, 1), pe M, v1,., V] € Vp

4. Pushforward ¢, : JV,(k 0) — Vz/) (0 (K, 0), (Pu T)U % (@) g, -+ (@F) gy := TO % (P* 1) g, -+ (@* 0¥V, VP € M, T € Ty, (K,0), Vo', - ,0F €

V(p(p where (¢p* ),V 1= 0a (P V)4, YV E V).

5.¢: M — N is diffeomorphism. ¢. : Zy(k, 1) — Fn(k, 1), (. 7)), |qwavb =T |¢,1(q)(¢*w)u((p* v)?, where (¢* 1)" = (p7'v)?



6. C(t) is a curve in M, T* is the tangent vector at C(f), then ¢, T* € Vig(c(4)) is the tangent vector at ¢(C(#p)) of curve ¢(C(1)).
7. p: M — N is diffeomorphism. p € Oy, ¢p(p) € 0.. Vg € ¢~ 10:], X'H(q) := y*(P(q))

. . P . . a a
o {x’"} coordinate line — {y*} coordinate line. ¢ (axi,p) |p] = (#) lopy @ [(dx’”)a |p] = (dy*) |-

« @D |y =T -
8. Lie derivative £, T := hm ((j)t T - T )

_11111 (<l>tf f)‘ #r 0%[ )qﬁ(ﬁ)

v
oxl
11. Lou® = [, ul* = v'Vyu® = ul Vvt Lowa=v"Vywe+wpVer’. £, T =vV.T% =T Vv + T V,0°.

9. %4, f=v(f),VfeZF. Proof. Eyf

= lim - [f(cu:) f(C(O))]——f(C(t))ItO—U(f)

10. In the adapted coordinate system of v%, (£, )", =

Proof. In the ACS {x*} of v*, [v, ul* = (dx*)4[v, ul* = dx") o (0 u — ul8, v = vP8,dxH) u® = V2o ut = v(ut) = —

Py (L, w)H.

12. ¢4 isKilling <= £ gap = 0 <= V(aép) =0 <= V&) = V4&p), where V83 = 0.

13. &% is Killing, T“ is the tangent vector of a geodesic = TV, (T?&;) = 0. (T?¢, is constant along the geodesic).
1

14. On (M, gap), dim M = n. There are at most > n(n+ 1) independent Killing vector fields.

0 0\4(0)\%
Suv =0=> (— ,| =— | areKilling vector fields.
0x 0x o0y

0\*(o\*(0)\* 0\* 0\* 0\* 0\¢ 0\“ 0\*
o (R%6 A= =] . =yl=| +x|=—]| ,—2|=—]| +y|=],—x|=—| +2|=—]| .
0w (ax) (Oy) (az) y(ax) x(ﬁy) Z(ay) y(OZ) x(OZ) ZOX)

0\* (0)\* |x=wcoshny 2 2 2.9 (0)” (0)“ (6)“
. (R?, ds>=-dr*+d =1 - ds®=dy“ -y-d —| =t|=— =1 .
R’ Bap): s +da (6t) (Ox) {t:wsinhn - vovar= on 0x M ot
. a ¢ (9)* [0\ 9\ (d)\a

o (R7, ] .-yl =— —| 3). t|=— —| 3.
o ma) (Ot,x,y,Z) y(dx +x(6y) @ (ax) +x(6t) ©
15. ¢[S] is hypersurface, n, € V,; is the normal covector of ¢[S] at g, if n,w” =0, Vw® € W,
» f = constant is a hypersurface, then V f is its normal covector.
16. On (M, g4p), n = g*’ny, € V,; is orthogonal to all vectors on ¢[S]. n%€ W, <= nan“ =0.

17. Induced metric of Wy from Vy: hy,w? wé’ = gapwy wé’. Rap = gap F Nanp with n%n, = £1.
18. For non-null hypersurface, define 1%, = g““hcj, =6, ¥ nny,. h*, v? =04 T n(nyv?) = vt = h%, v + nnyov?).

. (Rz,éab): ds® =dx? +dy2, g1=82=1,812=0=>

Differential forms

o 1 1 — — — —
1. wgy..q) €Iv(0,) isan [-formon Vifw = wg,..q) = Wiay--q)]. Way-a; = Olay-a;] < Opyopty = Olpgoopyy]-

(I+m)!
O[aya; by ~bp)- N A x A(m) — A(l+ m).

2.WAPE(WAW gy aiby by -= T
3. For 1-form, wAp=wa A g = Zw[ayb] =Wallh — Wpla. AW =2[U[Wp) = UaWp — HpWga. In general w A p = (—l)lmqu.

4. dimV = n= dimA() = i n_ o for I < n. Proof. wap=w1(e 1) (el)b+w12(el) (ez)b+w13[e1)a(e3)b+a)21(e2)a(e1)b+-~-
W11 = W22 = w33 =0, W21 = —W12, W32 = —W23, W13 = —W3]. Wgp = wlz[( ) ( ) (ez)a[ l)a] +wagze = ‘Ulz(el)a A (ez)b oo
= wqp € A(2) can be linearly expressed by {(e') , A (¢%),, (€°) , A (€%) . (e )a (e'),}-

5. Wayq) = ;wﬂl"‘ﬂt (em)al AN (em)a,’ Wpyeopy = Way - az(eﬂl) (6#1)

0 |4 0 \%
. i = H1 Hi = -
In (O, ) coordinate system, wg, ...q, ;wm...m (dx*) g A AAXH) g, @pyepy = Wy g (axﬂl ) (axl‘l) .

eForl=n,wgs.q, = wl...n(dxl)a1 A=A (dx™M)g,, orw = W1.pdxt Ao Adx™.
6. Exterior differentiation operator d: Ay (I) — Ap (1 +1) is defined as (dw) pg, ...q, := (L + 1)V (04, --q)).-
¢ Wayoeay = ) Opy gy ([AXF) gy A= A AXH) g = ([d0) gy = Y (A0 pypy)p A (AXF) gy -+ A (dXF) g

C C

7.dod=0. [d(dw)]cbal---al =+2)(+ l)a[ca[bwal...al]] =+2)(I+ 1)6[Cabwal...al] =+2)(+ 1)6[(06[,)&)“1...@] =0.
8. Suppose w is an /-form on M. w is called closed if dw = 0. w is called exact if 3 (I — 1)-form g s.t. w = dp.
e Exmaple. M = R?, For X (x, yand Y(x,y),3f(x,y)s.t.df = Xdx+ Ydy < 0X/0y=0Y/dx.
0X 0X oYy oYy oY o0X
Proof. d(Xdx+Ydy) =dX Adx+dY Ady = ( y dx+ 3y dy) Adx+ ( P dx+ 3y dy) Ady = (ax 3y )dx/\dy
9. n-dimensional manifold is called orientable if there exists a CO, non-vanishing n-form field € on it.
10. Suppose (O, ) is the right-handed coordinate system of 7-dimensional orientable manifold M, w is a C° n-form field on G c O.

W=wr.p(x, -, x)dx! A--- Adx", define the integral of w onGasf w::f W1 (x, o, xdxt - dx.

11. Stokes theorem in (R%, 6 ab): f f (VxA)-dS= f A-dl. On manifold with boundary N: dw = w.
i(V) ON



0A 04, 0A
Example. M=R?, S =i(N), L=0N. Letw = Ag = 84 A?, Aq = Ay(dxH) 4. dw = d A, A dxH = 6—xfdxv Adxt = (—2 - —l)d Adx.

ox! 0x?
0\% 0\% 0\%
wa—wl(l)(dl)a,wl(l)—wu(al) =wu(a) =Aa(&) :Alzngldlz 6Nw.

12. Consider (M, g4p), SUPPOSE €4, 4, is a volume element, then € arb,
general, for any gup, €% e4,..q, = (=1) nl(€1...n)%

13. The volume element that is compatible with g, satisfies €' "¢, ...q, = (=1)°nl.
e For orthonormal basis, let €1..., = 1, €4,...q, = i(el)a1 A A (e”)an.

o (R%,5,41). Lete =dxAdy Adz. Gisan open subset. f € :ff dxdydz = V.
G G

ayaz

= g gaZhZEblbg' If gab = 6ab/77abv Ealazgalaz = i2(612)2~ In

14. The volume element that is compatible with g, satisfies £,...q, = +1/|g|(€")a, A+ A (€") 4, for {(e,)?} basis.
15. V4 and ¢ is compatible with g, then Vbsal .ap =0.

16. 814, 6%, 5%, g, ST gl g
j+1 n nl bj+1 by

a-a _ s la an) ay--aja -a [“1+1
17. Mgy p, = (=1)°nld 1 L0 by ghnmdjdping, | -ajajan = (= 1)%(n— o ”

18.fisC0 on M, deﬁnef f fe. For (R?,6 ab),ff ffe fw fffF(x ¥,2)dxdydz = fffF(r,O (p)r sinfdrdfde.

19. N is a compact embedding submanifold in (M, g,p), thenf (Vp vD)e =[ vbehal...aH.
i(\N) oON

20. Gauss’s Law. /f/ V-AdV = # A-ndS. On manifold with boundary N: f Vvl = if vingé.
iV ON

21.dimAp, () = =dimAp,(n-1).

(n—l)

1
22.0n (M, gap), * : Ap(l) = Ap(n—=1), wg,..qy = *Wgy.q, ;= ﬁ

23. f€Fm, * faywa, = fE€aya,- *xf)=%*(fe)= —febl brgy b, = (=1°f. Ingeneral, x xw = (1)1 D¢,

hl'" by bicy |

bic
8% wWey gy

b, b
[Ebl byay-an- [therew l:g

24. Wap = Ag ABp =2A14Bp) = *w, = %w Eabe = Eabe A“BY = €45, A*BP. €;jk in {x, y, z} is orthonormal (Levi-Civita).
25.In (R%,8,), Vf =0af. V-A=0,A% VxA=e"4,A,. V-(A-B)=0,(A°B"). V%f=0,0"f.

26. In ([R% ,04p), gradf =df. curl Z *xdA. div A = *d(*A)

27.curl E = 0 = Jscalar field ¢ s.t. E= grad ¢. div B =0=3Jvectorfield A s.t. B =curl 4

Proof. curl E =0 <> x(dE) =0 => dE = 0 => E is closed => E is exact => d¢pst. E=dp = E =grad f.

div§ =0=—=d(%B) =0 = %xBis closed = exact = F A s.t. xB=dA — B = xdA.

Special Relativity
VAT d T d2
1. In an inertial reference frame %, the velocity of a particle at p is defined as u = al dty ad . ds?=-(1-uhHdr.
9\, (a\°
2. The world line of an inertial observer is a time like geodesic, satisfying ( a7 ) Oa( 6t) =0.
3. A standard clock satisfies 7, — 71 = f vV —ds2.
P1
dt 1

4. Suppose L(7) is a world line of a particle. In £, dr?=-ds’ = (1 - w?d* = a =y, = m. At =vyAT.
5.p:= mufi—ymfi f:=dp/dt.

dEy _— —_dp - _— dimuw — du _ _dmy ,dmy, ) )

L — = . = = - —_ . =eee = _— E = — . E = .

6 az u= ar uU=1u- ar myu a +u-u az C az = Ei(u) = myc®—mgpc ym

0
7. The 4-velocity of a particle is the tangent vector of its world line with parameter 7. U := (—

a
01) LU%U, =naUPU% = -

8. Spatial vector is an element in the set W), = {w“ € Vp|napw?Z’ = 0}.

0 \%dxt a rrb
0\* (0\%dt ( 8 \%dx 0\ 0 ) (ax:) dx’ (a) a U
9.U%= == —+ . Utdr —( dt+( )d Z“dt+( )d u®:= = = ,
(01) (61‘) dr (axl) dr ot ox! o Oxt ol dt dt/dr Y
dr
where y = e ~Z,U% hap =Nap+ ZaZp. Proof. —ZaU% = —nap, Z°U% = N Z UF = -1 2°U° =U° = %.
b qyd
haCUch dU 1 T]CdUCUd

o % = hgpu®u® = hy,

1 1

,)/2
cyut=h U’ = (6% + 22Ul = U~y 2 = U = y(Z° + u®) =y (Z'* + ul,).
10. P = mU*=EZ%+ p®. E=-P%Z,. P%P,=—-E*+p*=m?U%U,=-m? = E*>=m? + p°.

1
11. The 4-acceleration A = U6, U%. A% =0 < U?3,U" =0 (geodesic). A“U, =U,U"3,U" = EUbab(U,lU“) =0.



d?xi(t R . R
12. The 3-acceleration on L(t) a“ = dtz( )(d—) A=y, Al =yPal vyt Al
X

. . . - _, - dp
13. The 4-force F* = UY0,P* F' =U"3,P* = U3, (mU®) = mU"0,U% = mA®. F' =yf',F®=y f -, where [ = d—p.
a ba pa_ b ay_ b i_oma i (9. _dpt_ _dp'
Proof. F* = F(dx") = (dx*) U8, P* = U0, (dx*) o P? = UP0,P*. F'=Ud,p' = 5| Op' ==y =v/".
T T
0 dE dE -
F*=U% p°=(—)aE_—_ UL
P = o) WEE G Y =YY
— - 1 1 - 1
14. p=ymu = ?E 7 =Y. momentum density = = energy density - u = = energy flux.
15. The energy-momentum tensor T,p: Typ = Tpg. 0T, =0.
16.
p=TapZ*ZP = Ty the energy density
L a i b _ _ . . _ .
for instant observer (p, (e,)%), (eq)® = Z% w;=-TapZ"(e;) S Toi the l .th component of the 3-momentum density
Tij=Tap(ei)*(ej)” =T"  the ij-component of the stress tensor
We=-1%Z7 b the 4-momentum density

17. The 3-dimensional stress tensor 7,5 = T;j(e') o(e/). T' = [T“b(ei)b] (e/)4 = T is the 3-momentum flux density tensor.
18. W= puz%+ w”. Proof. W'=W*e")y=-T%2Z"(~2) = TypZ° 2% = . W'=W?e")a=-T%2"")a=-TaZ"()* = w'.
19. 0, T, = 0 = energy conservation.

d —
Proof. 0aW% = 04(~T% 2" = =20 Ty, — T%,0,2° =0 =0, WH = 9o W° + ;W' = 0o+ 0; w' = a—“+v- w =0.

20. Perfect fluid 7,,, = pU,Up + p(ap + U, Up) = (,u +p)UUp + PN ap- Where p, p are scalar ﬁelds, U%is a vector field, U*U, =
21. For comoving observer (p, U“|p), T (e0)%(e0)? = T UU? =(u+p) U,U,UU? + pnabU“ = u, the proper energy den31ty

p00O
0po
00p

=0 = energy density measured by the comving observer

22. {(e;)*} is the triad for the comoving observer, Tab(ei)“(ej) = pnaple)? (e]) = pb;;j = 3-dim stress tensor =

« (a) No shear stress. (b) T1; = Ty = T33 = isotropic. (c) T,y = (eo) (e,-)b
= 0 = no heat transfer.

23.0= 0T,y = UgUpd®(u+ p) + (U + p)(Uad®Up + Upd®Ug) + 0pp = U, U0, (11 + p) + (1t + p) (U0, U, + Upd U™ + 0, p.
b 0 a
20 0= —U%q(u+ p) + (u+ p)UPU Uy - 0,UY + UP0ypp = U040+ (1 + p)d,U”. Non-rel limit: U% = (&) +ut, p<pu

0\ 0 0 -
=0= (&) Oapt+ udgu+ pod u® = a—'l; +0q(uu) = O_ltl +V-(uu) =0 (conservation of mass).

®hb =6 +U"U,

c
®(l.
oxt

) 9\ ;
—0=pu E Oqu; +u0qu;

0=0+(u+p)(U%aUc +UPU U qUp +0) +0.p+ U UPdpp = (u+ p) U0, Uc+0cp+ UU"0,p

) b b
(at)
nonrel (aul
=u

0 ou - _
0= t+u“6au,)+6—z:—Vp:u[ﬁﬂu-V)u

0
+ _P + U
ox?

ou;
abp:p[%+u“6aui +

(Euler’s equation).

24. With instantaneous obersver (p, Z%), E, = Fup, 2", By = — % Fup 2. E*=n*"E},, B* =0’ B,,.

¢ EyZ% = FupZ°Z° = Fiupy 2 2P =0. ByZ% = —xFp2°2" = 0. 0 -E -E -FE
E, 0 Bs -B;
E, —Bs 0 B |’
Es B, -B 0

1 1 1
e E; = Eq(e))* = Fap Z%(e1)* = Fapleo)’(e))® = Fo. B = Bylei)® = —*FapZP (€))% = —EFCdfabcd(ei)u(eo)b = —EFCdgcdiO = —EFwﬁuvio-

25. Observer: (p, (ey)®). E;=Fjo, By =F3, Bo=F31, B3=Fjp. Fyy=

1 1
B = EF'W&‘;wm = §(F2352301 +F32€3201) =F*

26.Ey=E;, E,=y(E,-vBs), Ej=vy(Es+VBy). B{=B;, By=vy(By+VE;), Bj=y(B;3—vE).
_ 0xY oxP 0x> ot ox? ox' B
Proof. T 0x'/“‘ axV Taﬁ E2 = T20 ox Pl 01” 20+ WWTZI = YEz —YUBg = )/(Ez - l}Bg).
27. 4-current density J* = poU%. J*=pZ%+u®. Proof. J* =poU* = poy(Z*+u*)=pZ*+pu®=pZ*+j* p=-2,J%

0 -
 Continuity equation a—‘l; +V-j=0, 98,J=0.

—

- 0B — 0E
28. Maxwell’s equations. 0“F,, = —47]),, 0(¢Fpeg=0= V-E =4np, VxE= 30 V-B=0, Vx B=4rj Jj+ B

Proof. Background R, 1 ap) With 04, € gpea and (2;, 8 4p) with aa,e,m.
- OF!
V-E =04E%= o =0,E% =0%E, = 04(Fap 2" = ZY0%F 4y = ZP(—4n]) = 47p.

(VX E)e =8 3,Ep. 04E) = (dx")o(dx))p0;Ej = (dx") (dx/) 0, Ej. 04Ep = (dxM) o(dx))p0,Ej = (dx*) 4 (dxc)) 00 Ej + (dx') o (dx)) 0, .



hudhbeadEe = 0+ (dx)o(dx))0;Ej = 04Ep. (Vx E)e =289 Eh =g% n, h 04Ee = €€ ,04E, = € 0,E), = 0 .0,(F, 2°) =
Z9€" 0,Fye = -2 0,F - Z€" 0, Fou.  Z°CP 0pFeq =€ 0, (Fou Z°) = A"b 0a(FpeZ®). Eape=Z% apea.

= 2(Vx E)e=~Z8% 0 Fap =~ Z° Z% gapc0e F** =~ Z°0c(eaanc F** 2%).

29. Lorentz force 7 = q(E +7 x B). Lorentz 4-force F” = qF“bUb. qF“bUb =Ubo,pP"

Proof. F* = yqF®, (Z” + u?) = yq(E" + F*,u®) = F, = yq(Eq + Fapu®) = F; = F4(e)® = yq(E; + F;ju).

., = N N N 1 1 1 .
(i x B)e =8 uaBy =8 sa(— * Fpg 2 = -8’ .u (EFefEefbdZd) = _EgabcuaFeffefbdZd = _EzdgdabcuaFeffefbdZd-

30. T, = %(Fachc - inachdF”d = %(FMFbC +*Fae x F, ©).

31. 014Fp) =0 <= dF=0=3As.t. F=dA < F = (dA) 4p =204 Ap) = Fyp = 04Ap — 0pAs. Ag is called the 4-potential of Fjp,.
32. A=A+dy, yis C?is also a 4-potential. Lorenz gauge: 0“A, = 0.

33. Ay = —(dD) 4 + aa.

34. -4 ], = 0%(0,Ap — 0pAg) = 0%0,Ap — 0,0 A,. Lorenz gauge: 00, A, = —47]J),. Sourceless wave equation: 00,4, = 0.
(0“9)%9 =0
0%9,0 =0

Let K% =09 = K%K, =0 (null) = 0 = 2K*0,K, = 2K0},0,0 = 2K“0,0,0 = 2K*0,K}, < 0= K*0,K” = null geodesic.

Consider & = {peR*|0, = constant} = K, is its normal covector => K“ is a normal vector field = . is null hypersurface.

35. Consider Aj, = Cjcosf and 0,C, =0 => 0=0%0,A), = 0*(—Cpsind,0) = —Cp[sin00“9,0 + cos0(3"0)0,0] = {

0 a 0 0 a 0 a K;,= constant
a H = 0 i = —_ a = = = H = H L = H =
Let K% = K (axu) =K (at) +K Ox’) w(at) +k% (d8)q = 040 = K, = Ky(dx*), = df = K, dx Ky x
Kot + K,-xi =—wt+ kixi —> monochromatic plane wave Aj;, = Cj, cos(wt— kixi).
eK'=wZ+k>w=-K*2,. 0=KKs=(Z+ kY (wZs+ka) = -0 + k* = 0* = k*.
36. For a photon, P* =K%, P*=EZ%+ p®= E = hw, p® =hk® PP, =0= E* = p°p, = p°.
Fundamentals of General Relativity
1. For a free particle, 0 = U’V, P% = mU"V,U® = geodesic.
1 1
2. Minimal substitution. A% = U’V,U%, F%=U"V,P% V*Fu,=—4n]y, ViaFpg =0. Tap= yos FacF, - 1 SapFeaF?
3. (VaVp—VpV)A*=-R_, “A% = Ryy A" => V V), A =V, VA% + Rpg A°.
—47 ] = VAV g Ap - VpAg) = VOV 4 Ap — VOV Ag = VOV 4 Ap — VoV A% = V“VbAa vbv AT~ Ry AT =2 vay, A, - R, Aq.
Dg D d D D Dv*
4. Fermi-Walker deriative — : Fg() (k, 1) = Fom) (k, D). Ff d7 L v +(A%ZP — 7% APy y,,, where v = 7bv,ve.
(11) ¢« p s dr’ dr dr dr
. . EFV vé
If G(7) is a geodesic, then = .
* D ;a) DgZ“ dr dr
dr dr )
D w? Dw
Z =h? b dy , where w is a spatial vector.
T
Drgan Dr(gapv®u ub) Dpub » DEV® <Dru® Dpv? Du? aob a b
o — = ——"—— = v + u’——. Proof. v +u =V4|———+ A Z"=-Z"AYup | +u
dr dr ablV" =g TEabll Ty ) ar Ve Tar Yty | +la
D(v,u%) (@ b _ Dwqu®) DFgabv“uh
— 2t vup Az = =
dr (@) dr dr Depd
5. Vector field v* is called Fermi-Walker transported along G(t) if sv =0.
T
Drv? Dru® d a,b
o ;U = ;u =0= % =0 = Inner product is conserved in Fermi transportation.
T T T

dw (o)

6. In Newtonian dynamics, w(r) with fixed point o is called rotational if there exists a vector s.t. =w () x w(p).

ﬂ

dw'(y dw'(r) j
7. T:gljkwfwk - =gl kwfwk ? Ww” Let Qup = (k) qp = 0 Ecap- e,]kwfwk——e,jkwkwf——Qijwf
dw’ i j 1 2 3
= =-QYw;j. {o' =0 =0,0" # 0} = {Q3 = Q31 = 0,12 # 0.

a
v

= -Qy,, then v* undergoes
T

8. G(1) isaworld line in (M, g,p,), v is a vector field on G(7). If there exists a 2-form field Q, s.t.
Ua
= 0= v does not rotate in spacetime.
T

a ,a . . D(v%u,)
9. v%, u” undergoes same spacetime rotation Q,, on G(1) = ——— =

dr
D(v%u Dv? Du?
Proof. ——— ( ”) uaF + U“F = ua(—Qvp) + v, (—Q%P ) = —2QY VaUp) = 0.

a spacetime rotation with angular velocity Q.

D a
=V azb -
dr



Dv?

10. Gauge freedom: Q) = Qup+ Agp, Aapvp =0= e —Q'%y, = —Q%y,.
11. The angular velocity 2-form of Z% on G() is Qup = Ag A Zpy (A% #£0).
Dgz% Dz Dz4 ~ ~
Proof 0= —— = +(AZP - z0A) 7)) = =2A9ZM 7, = —(A" A ZP) 2, = QP 7). QP = A7V — 794D,

_ dr dr
¢ Qup = Ag A Zphas Q;; =0 (Qo; # 0) = pseudo-rotation. Q,p, with Qq; = 0 = (spatial) rotation.

12. Qg is the pseudo-rotation experienced by Z¢, Q, is the spacetime rotation of w®. Then Q ab=Quap—Qup is spatial rotation.

Drw*
13. Spatial vector field w* on G(t) has no spatial rotation < It is Fermi transported along G(1), flr =0.
~ ~ Y Dw* Drw*
Proof. Qap = Qap — Qup = 0% wy = — + Q%P w), = F
, dr dr ,
DFLU ~ DFw b
14. gabT = _gathc We = _gahEdewd We = _Eacdwd w' = _Zbebacdwd w = Eabcdzh wo? = gab? =Eabed”Z ww.

wg is called the spatial rotation angular velocity of spatial vecotor field w*®.

spacetime rotation Qup = 0 €cap 5 = -Q%y,
T
~ Dz4 ~
pseudo-rotation of Z¢ Qg =As N7 e -Q%z,
spatial i O, = _0 Dew® _ sab
patial rotation Qar=Qap—Qup e Q%% wy,

15.



